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§ 1.1 ­½5�Ä�Vg

ÎÎÎÒÒÒ

R§Cµ¢ê�Eê�"R+µ�N�¢ê"
Rn§Cnµn�¢�E�þ�m"
Rm×n§Cm×nµm× n�¢�EÝ
|¤�8Ü"
B(xo, ρ): n�¢�m¥¥%3x0�»�ρ�4¥§=

B(x0, ρ) = {x|x ∈ Rn, ‖x− x0‖ ≤ ρ}

Ù¥xT x = ‖x‖2. m¥:

◦
B (x0, ρ) = {x|x ∈ Rn, ‖x− x0‖ < ρ}
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Vg!½n�Qã�{

~~~1.1 ¢¼êf(x) : Rn → Rm3m8M ⊂ RnS´ëY�µ

(∀ε > 0)(∀x0 ∈ M)(∃δ > 0)(∀x ∈
◦
B (x0, δ) ⊂ M) :

‖f(x)− f(x0)‖ < ε.

3MþëY�¼ê�8ÜP�C[M].
~~~1.2 �S ⊂ RnX�m8§θ ∈ R§¡f(t, x)'ux3Sþ÷

vLipschitz^�§X�

(∃k > 0)(∀x1, x2 ∈ S)(∀t ∈ Rθ) : ‖f(t, x1)− f(t, x2)‖ ≤ k‖x1− x2‖.

¼êf(t, x) : Rθ × S → Rm¡�éx÷vÛÜLipschitz^�§X�

(∀k.48N ⊂ S)(∃k > 0)(∀x1, x2 ∈ N)(∀t ∈ Rθ) :

‖f(t, x1)− f(t, x2)‖ ≤ k‖x1 − x2‖.

Lipx[·]: L«éx�Lipschitz^�§LLipx[·]: LT^�´ÛÜ�.
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­½5Vg

�Ä�©�§
ż = g(t, z) (1.1)

Ù¥z(t) ∈ Rn, g(t, z) : Rθ × S → Rn,S ⊂ Rn,�

g(t, z) ∈ C[Rθ × S] ∩ LLipz[Rθ × S] (1.2)

KÐ�¯K:
ż = g(t, z), z(t0) = z0 ∈ S (1.3)

�3��). P�z(t; t0, z0). w,z(t0; t0, z0) = z0.

b½z(t; t0, z0)3[t0,+∞)k½Â�kz(t; t0, z0) ∈ S,∀t ≥ t0.
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­½5Vg

½½½ÂÂÂ1.1 XÚ(1.1)�A)z̃(t)´­½�§X�

(∀ε > 0)(∀t0 ∈ Rθ)(∃δ > 0)(∀z0|(z0 − z̃(t0)) ∈
◦
Bδ)

(∀t ≥ t0) : (z(t; t0, z0)− z̃(t)) ∈
◦
Bε . (1.4)

ed	�k
lim
t→∞

(z(t; t0, z0)− z̃(t)) = 0 (1.5)

KA)z̃(t)Ò´ìC­½�.
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AÛ¿Â

Ð��C,)­�Ø¬l���.

?���±z̃(t)�¥%§2ε��Ý��/«�Σ,
é∀t0 ∈ J = Rθ = [θ, +∞),∃δ(ε, to) > 0§�Ð�z03±z̃(t0) �¥

%�δ���§)z(t; t0, z0)Ø¬�Ñ�/«�Σ"

ã/n)
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�§(1.1)A)�­½5⇔ ,��§")�­½5

5551: Ø���5§�?Ø")�­½5§=�§(1.1)A)�­½
5⇔ ,��§")�­½5"

�z̃(t)´ż(t) = g(t, z(t))�A)§-x(t) = z(t)− z̃(t)§K{
ẋ(t) = g(t, x(t) + z̃(t))− g(t, z̃(t)) = f(t, x)
x(t0) = z(t0)− z̃(t0)

(1.6)

N´y²µ
1◦.f(t, 0) ≡ 0,=x = 0´(1.6)���A)§§´(1.6)�²ï �¶
2◦.XÚ(1.1)�A)z̃(t)´­½½ìC­½��=�XÚ

ẋ(t) = f(t, x), f(t, 0) = 0 (1.7)

�²ï �x = 0´­½½ìC­½.
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")�­½5Ú��­½5

½½½ÂÂÂ1.2 XÚ(1.7)²ï:x = 0´­½�§X�

(∀ε > 0)(∀t0 ∈ Rθ)(∃δ(ε, t0) > 0)(∀x0 ∈
◦
Bδ)(∀t ≥ t0) :

x(t; t0, x0) ∈
◦
Bε

��§e

(∃ε > 0)(∃t0 ∈ Rθ)(∀δ > 0)(∃x0 ∈
◦
Bδ)(∃t1 ≥ t0) : x(t1; t0, x0) ∈

◦
Bε

KXÚ(1.7)�²ï �x = 0�Ø­½.

½½½ÂÂÂ1.3 XÚ(1.7)�")x = 0´��­½�§X�

(∀ε > 0)(∃δ(ε) > 0)(∀t0 ∈ Rθ)(∀x0 ∈
◦
Bδ)(∀t ≥ t0) : x(t; t0, x0) ∈

◦
Bε

δ¢Sþ��ε > 0k'(wã).
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")�­½5Ú��­½5

���¹eXÚA)´Ä­½òØ=�ûuXÚ§
��ûuA)
��.

éu�5XÚ
.
x= A(t)x (1.8)

K�±k
½½½nnn1.1 �5XÚ(1.8)?�A)

∼
x (t)´­½���=�Ù")´

­½�.
yyy²²² �Ä?�A)

∼
x (t), -y(t) = x(t)− ∼

x (t), Ky÷v

.
y (t) =

.
x (t)−

.
∼
x (t) = A(t)x(t)−A(t)

∼
x (t) = A(t)y (1.9)

5¿�(1.8)�(1.9)¢Sþ´Ó�XÚ§K½n�y. �

5553: ½n1.1¤Lã�ù«�5XÚâäk�A5é����5X

Ú`5´Ø�3�§=����5XÚÙA)�­½5¿Ø�du
")�­½5.

() February 21, 2017 13 / 38



~f

~~~1.1 ïÄü{$Ä�§
..
ξ +ω2 sin ξ = 0

-ξ1 = ξ, ξ2 =
.
ξ§K { .

ξ1= ξ2
.
ξ2= −ω sin ξ1

�ÄTXÚ�oUþV = ω2(1− cos ξ1) +
1
2
ξ2
2§K

1◦.
dV

dt
=

∂V

∂ξ1

.
ξ1 +

∂V

∂ξ2

.
ξ2= 0§XÚ´�Å�½UþÅï�.

2◦.V =~ê§3�:NC´µ4­�.
ÏV (0, 0) = 0, V ´ξ1, ξ2�ëY¼ê§�

V (ξ1(t), ξ2(t)) = V (ξ1(t0), ξ2(t0)).

²ï:ξ1 = ξ2 = 0´­½�.
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�ØCXÚÚ±ÏXÚ�5�

�Ä�ØCXÚ
.
x= f(x), f(0) = 0 (1.10)

½½½nnn1.2 �ØCXÚ(1.10)�")­½�")��­½´�d�.

yyy²²² x(t; 0, x0)´)⇒ é?¿t0, x(t− t0; 0, x0)�´)"
��5⇒ x(t; t0, x0) = x(t− t0; 0, x0).
")­½⇒ (∀ε > 0), (∃δ(ε) > 0), (∀‖x0‖ < δ), (∀t− t0 ≥ 0) :
‖x(t− t0; 0, x0)‖ < ε.
⇒ ‖x(t; t0, x0)‖ < ε§=")´��­½�. �

5554 £££������¤¤¤ XÚe´±Ï�§=�3T ∈ R+¦XÚ(1.7)k

f(t, x) = f(t + T, x),∀x ∈ S,∀t ∈ Rθ (1.11)

K(1.7)�")­½�íÑ��­½.
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áÚ�Vg

½½½ÂÂÂ1.4 XÚ(1.7)�")x = 0´áÚ�§X�

(∀t0 ∈ Rθ)(∃η > 0)(∀ε > 0)(∀x0 ∈ Bη)(∃T ≥ 0)(∀t ≥ t0 + T ) :
x(t; t0, x0) ∈ Bε (1.12)

=é?¿Ð©��Ñ�3��áÚ«Bη§ldáÚ«SÑu�
)→ 0.

XÚ(1.7)�")x = 0´��áÚ�§X�

(∃η > 0)(∀ε > 0)(∃T ≥ 0)(∀t0 ∈ Rθ)(∀x0 ∈ Bη)(∀t ≥ t0 + T ) :
x(t; t0, x0) ∈ Bε (1.13)

=�3��áÚ«Bη£�t0Ã'¤§é?¿Ð©��ldáÚ«S
Ñu�)→ 0.
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áÚ�Vg

XÚ(1.7)�")x = 0´�Û��áÚ�§X�

(∀η > 0)(∀ε > 0)(∃T ≥ 0)(∀t0 ∈ Rθ)(∀x0 ∈ Bη)(∀t ≥ t0 + T ) :
x(t; t0, x0) ∈ Bε (1.14)

=é?¿Ð©��l?�:Ñu�)→ 0£áÚ«´��m¤.

5555 þã½Â¥Ñy�T~¡�áÚ�m½P~�m§
Ð�À�

���¡�áÚ«"��:�áÚ�§ÙáÚ«�Ï¦´�©(J
�§����UÏ¦Ùf8±÷v¿©5��¦§~XþãBηÒ
´��÷v¿©5�¦�áÚ«.
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áÚÚ­½�'X

~~~1.2 ïÄ��XÚ
.
ξ= ϕ1(ξ, η) =

ξ2(η − ξ) + η5

(ξ2 + η2)[1 + (ξ2 + η2)2]
.
η= ϕ2(ξ, η) =

η2(η − 2ξ)
(ξ2 + η2)[1 + (ξ2 + η2)2]

ξ = η = 0 ´TXÚ���²ï:"
")´áÚ��Ø­½.

du
ϕ1(−ξ,−η) = −ϕ1(ξ, η), ϕ2(−ξ,−η) = −ϕ2(ξ, η)

KáÚ�È©­�96�fÐ'u�:é¡§Ï
��?Ø=I3
þ�²¡?1.
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áÚÚ­½�'X

Ú\4�Iρ =
√

ξ2 + η2, u = tan ϕ =
η

ξ
,Kk

ρ̇ =
ρ

(1 + ρ4)(1 + u2)2
[u4 − 2u3 + u− 1 + u3ρ3 sin2 ϕ]

�±y²È©­��ìC5�§§��ªò?\ã1.1¥�ÒK�
«�S¥§
ρ(t)�ìC5��d

ρ(t) = o(e−t/15), lim
t→∞

ρ(t) = 0

�x§l
")´áÚ�.
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áÚÚ­½�'X
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áÚÚ­½�'X

�
y²�:Ø­½§ïÄn�/«�OPQ§Ù>.�

η =
1√
27

, η = 3ξ, ξ = 0

�:Q��I�(1/3
√

27, 1/
√

27).
PO�þ§

.
ξ> 0;

PQ �þ§
.
η> 0;

OQ �þ§
dη

dξ
=

9
2 + 243ξ2

> 3.

dd§3n�/OPQ �ü>OP �OQþÈ©­�þ6\§

uPQ�þ6Ñ.du1/

√
27´��½�ê§u´�:´Ø­½�.
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ìC­½Ú�êìC­½

½½½ÂÂÂ1.5 XÚ(1, 7)�")´ìC­½�§X�§´­½�q´á

Ú�¶´��ìC­½�§X�§´��­½�q´��áÚ�¶
´�Û��ìC­½�§X�§´��­½�q´�Û��áÚ

�.

½½½ÂÂÂ1.6 XÚ(1.7)�")x = 0´ÛÜU�êìC­½�§X�

(∃η > 0) (∃M > 0) (∃α > 0(∀t0 ∈ Rθ)(∀x0 ∈
◦
Bη)(∀t ≥ t0) :

‖x(t; t0, x0)‖ ≤ M‖x0‖e−α(t−t0)

�η = +∞�§K¡éA�")´�Û�êìC­½�.

ÛÜ§�ÛµÐ����"
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ìC­½Ú�êìC­½

5556 ")ÛÜ�êìC­½7���ìC­½§�Û�êìC­½
7��Û��ìC­½§�_·K��Ø¤á.

~~~1.3
.
ξ= −ξ3

Ï)�ξ(t; t0, ξ0) =
ξ0√

1 + 2ξ2
0(t− t0)

= ϕ(t− t0, ξ0).w,§´��

ìC­½�§�Ø´�êìC­½�.

½n1.2�Ñ§éuä±Ï�XÚ£�ØCXÚ´ÙA~¤­½�
��­½�d. ^��aq��{�±y²

½½½nnn1.3 éuä±Ï�XÚ(1.11)§KÙ")ìC­½���ìC
­½�d.
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§ 1.2 Lyapunov¼ê

¦)��5�©�§2?ØÙ)�5��~(J.

Lyapunov ÉåÆXÚ¥ìC­½²ï �NCoUþ7ÅÚ~�
ù�Ôny��éu§Ú\��ø?Ø^�9Ï¼ê£±�
¡Lyapunov¼ê½V¼ê¤ÏL§9§éXÚ���ê�5�5�

½­½5�"
Lyapunov¼ê�{q��X���¯K§ÃX�`��!°��
�!g·AE£· · ·�§kX2��éX§¿¤�)ûù
¯K�
b|óä"
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Lyapunov¼ê

�9Ï¼êV : Rθ × S → R äkeã5�µ
1◦.V (t, x)éÙCþ´�����½��´©¬�����¶
2◦.V (t, 0) = 0,∀t ∈ Rθ.

ẋ(t) = f(t, x), f(t, 0) = 0 (2.1)

�(2.1)÷v)éÐ���3��5^�. x(t) ´�§(2.1)�)§
KV (t, x) = V (t, x(t))ét�Dini�ê�3§=

D+V (t, x)|(2.1) = lim sup
h→0+

V (t + h, x + hf(t, x))− V (t, x)
h

(2.2)

eV (t, x)��´�����§KéADini�êÒ´Ï~��ê.

.
V (t, x)|(2.1) =

∂V

∂t
+∇V · f(t, x) (2.3)

Ù¥

∇V =
∂V

∂x
=

(
∂V

∂x1
,
∂V

∂x2
, · · ·, ∂V

∂xn

)
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�½Lyapunov¼ê

½½½ÂÂÂ2.1 W (x) : S → R´�½�§X�

(∀x 6= 0) : W (x) > 0, W (0) = 0 (2.4)

V (t, x) : Rθ × S → R´�½�§X�

(∃W (x)�½)(∀(t, x) ∈ Rθ × S) : V (t, x) ≥ W (x)�V (t, 0) = 0
(2.5)

V (t, x) : Rθ × S → R´��½�(½�K½�)§X�

(∀(t, x) ∈ Rθ × S) : V (t, x) ≥ 0�V (t, 0) = 0 (2.6)

aq�±kK½!�K½(��½)�Vg.
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~f

~~~2.1 eP = P T ∈ Rn×n, V (x) = xT Px,KV (x)�½��=
�P´�½é¡Ý
.

~~~2.2 V (t, x) =
xT x

1 + t2
´��½��Ø´�½�.

~~~2.3 V (x) = 1 + xT xØ´�½¼ê§�,§äk

(∀x 6= 0) : V (x) > 0

�V (0) = 1 6= 0.
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Ka¼ê

½½½ÂÂÂ2.2 £�ã¤¼êα(µ) : R+ → R´Ka¼ê½α(µ) ∈ K,X
�α(·)ëY�

1◦.(∀µ 6= 0) : α(µ) > 0�α(0) = 0;
2◦.(∀µ1 > µ2 ≥ 0) : α(µ1) > α(µ2).
½½½ÂÂÂ2.3 V (t, x) : Rθ × S → R äÃ¡�þ.§X�

(∀ε > 0)(∃δ > 0)(∀(t, x) ∈ Rθ ×Bδ) : |V (t, x)| < ε

´ä½~.§X�

(∃ëY¼êW (x),W (0) = 0)(∀(t, x) ∈ Rθ × S) :

|V (t, x)| ≤ W (x).

5551 V (t, x)ä½~.⇒ V (t, x)äÃ¡�þ..
£|^W (x)3x = 0:ëY¤
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�½¼ê��d^�

½½½nnn2.1 ¼êV (t, x) : Rθ × S → R´�½���=�

(∃α(µ) ∈ K)(∀(t, x) ∈ Rθ × S) : V (t, x) ≥ α(‖x‖) (2.7)

´ä½~.���=�

(∃β(µ) ∈ K)(∀(t, x) ∈ Rθ × S) : |V (t, x)| ≤ β(‖x‖) (2.8)

yyy²²² kyV (t, x)´�½��/.
⇐: w,.
⇒(�E5): V (t, x)�½⇒

(∃W (x)�½)(∀(t, x) ∈ Rθ × S) : V (t, x) ≥ W (x)

dW (x)ëY§�-

ϕ(µ) = min
‖x‖=µ

W (x)

dW (x)�½⇒:
1 ϕ(0) = 0, ϕ(µ) ∈ C([0, ρ)), Ù¥ρ = sup{‖x‖ | x ∈ S}
2 (∀µ 6= 0) : ϕ(µ) > 0

() February 21, 2017 29 / 38



½n2.1�y²

Xã¤«§3R2þ�Ä8Ü
F = {(µ, λ) | λ ≥ ϕ(µ); 0 ≤ µ < ρ}

-A =Conv(F)§=A´F�à�§Ù½Â�

A = {y | y = λ1y1 + λ2y2;λi ≥ 0, λ1 + λ2 = 1, yi ∈ F}
KdA�(½�à¼êα(µ) : R+ → R§�k
1◦.(∀µ 6= 0) : α(µ) > 0, α(0) = 0;
2◦.(∀0 ≤ µ1 < µ2 < ρ) : α(µ1) < α(µ2);
3◦.(∀0 ≤ µ < ρ) : α(µ) ≤ ϕ(µ).
l
Òkα(·) ∈ K§�

(∀(t, x) ∈ Rθ × S) : V (t, x) ≥ W (x) ≥ ϕ(‖x‖) ≥ α(‖x‖)
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½n2.1�y²

2yV (t, x)ä½~.��/.
⇐: w,.
⇒: V (t, x)ä½~.⇒

(∃W (x)´ëY¼ê�W (0) = 0)(∀(t, x) ∈ Rθ×S) :|V (t, x)| ≤ W (x)

�ε > 0,-β(µ) = max
0≤‖x‖≤µ

{W (x)}+ εµ,Kk

1◦.β(0) = 0, β(µ)ëY¶
2◦.(∀0 ≤ µ1 < µ2 < ρ) : β(µ1) < β(µ2);
3◦.(∀(t, x) ∈ Rθ × S) : V (t, x) ≤ β(‖x‖). �
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mg.�½Â

½½½ÂÂÂ2.4 V (x) : Rn → R ´mgàg¼ê½mg.§X�

(∀λ ∈ R)(∀x ∈ Rn) : V (λx) = λmV (x)

V (t, x) : Rθ ×Rn → R��Cm g.§X�

(∀λ ∈ R)(∀(t, x) ∈ Rθ ×Rn) : V (t, λx) = λmV (t, x)
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�½mg.��d^�

½½½nnn2.3 eV (t, x) : Rθ ×Rn → R ��Cmg.§KV (t, x)�½
��=�

(∃α > 0)(∀(t, x) ∈ Rθ ×Rn) : V (t, x) ≥ α‖x‖m (2.9)

V (t, x)ä½~.��=�

(∃β > 0)(∀(t, x) ∈ Rθ ×Rn) : V (t, x) ≤ β‖x‖m (2.10)

yyy²²² dV (t, x)�½§���3�½¼êW (x)§¦�

V

(
t,

x

‖x‖

)
≥ W

(
x

‖x‖

)
.

-

α = inf
‖x‖=1

{W (x)} (2.11)

Kα > 0�α ≤ V

(
t,

x

‖x‖

)
=

1
‖x‖m

V (t, x) ⇒ (2.9).

-β = sup
t∈Rθ,‖x‖=1

{|V (t, x)|}§aq�y²(2.10)¤á. �
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½n2.4Ú½n2.5

½½½nnn2.4 �V (t, x) : Rθ × S → Rk
V (t, x) = U(t, x) + W (t, x)

Ù¥U(t, x)´�C�½mg.§W (t, x)k

(∀ε > 0)(∃δ > 0)(∀(t, x) ∈ Rθ ×Bδ) : |W (t, x)| ≤ ε‖x‖m (2.12)

=W (t, x) = o(‖x‖m)ét��¤á§K

(∃η > 0)(∀(t, x) ∈ Rθ ×Bη) : V (t, x)�½ (2.13)

½½½nnn2.5 �V (t, x) = U(t, x) + W (t, x), U�mg.�

(∃x1, x2 ∈ Rn)(∃t1, t2 ∈ Rθ) : U(t1, x1) > 0, U(t2, x2) < 0

W (t, x) = o(‖x‖m)§=k(2.12)§K

(∀η > 0)(∃z1, z2 ∈ Bη) : V (t1, z1) > 0, V (t2, z2) < 0
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½½½ÂÂÂ2.5 W (x) : S → R´3S�>.þäÃ¡�e.§X�

(∀M > 0)( lim
n→∞

xn = x ∈ ∂S)(∃N > 0)(∀n ≥ N) :

W (xn) > M.

~~~ V (x) =
1

1− xT x
3B1 = {x | xT x ≤ 1}�>.∂B1þäÃ¡�

e..

½½½ÂÂÂ2.6 ϕ(µ) : R+ → R ¡�K∞a¼ê§X�ϕ(µ) ∈ K �k

lim
µ→∞

ϕ(µ) = +∞.

V (t, x) : Rθ ×Rn → R¡�´»�Ã.�§X��3ϕ ∈ K∞�k
(∀(t, x) ∈ Rθ ×Rn) : V (t, x) ≥ ϕ(‖x‖).
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½½½nnn2.6 W (x) : Rn → R�½�äÃ¡�e.��=��

3ϕ(µ) ∈ K∞,¦
(∀x ∈ Rn) : W (x) ≥ ϕ(‖x‖).

~~~ P = P T ∈ Rn×n´�½Ý
§KxT Px´»�Ã.�.

-λ1´P���A��§K

xT Px ≥ λ1x
T x = λ1‖x‖2.
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~~~2.4 (t + 1)xT x 3[0,+∞)×Rnþ�½�ØäÃ¡�þ..

~~~2.5 �Ä

V (t, x) =

{
xT x, ‖x‖ ≤ 1(
1 + t

√
xT x− 1

)
xT x, ‖x‖ > 1

KV 3[0,+∞)×Rnþ�½!äÃ¡�þ.§�Øä½~."
�
�?Øt < 1�§KV 3[0, 1)×Bδþä½~..

~~~2.6 V (x) = 5ξ2
1 + 5ξ2

2 − 6ξ1ξ2 − ξ3
1 + ξ5

2

duU(x) = 5ξ2
1 + 5ξ2

2 − 6ξ1ξ2 ≥ 2(ξ2
1 + ξ2

2)´�gàg¼ê§
�|ξ1| ≤ 3

√
δ, |ξ2| ≤ 3

√
δ �k|ξ3

1 | ≤ δξ2
1 , |ξ5

2 | ≤ δξ2
2 , Ù¥§δ > 0§u

´V (x)��½¼ê.

() February 21, 2017 37 / 38



��

y²54"
o(1�!1�!"
y²½n2.4, 2.5Ú½n2.6"
�y~2.4§2.5Ú~2.6"

() February 21, 2017 38 / 38


