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1.5 ìC½5I

½½½nnn5.1 eéXÚ

ẋ = f(t, x), f(t, 0) = 0 (5.1)

�3����¼êV (t, x) : Rθ × S → R�n�Ka¼
êα(·), β(·)�γ(·)§¦k

1◦.(∀(t, x) ∈ Rθ × S) : α(‖x‖) ≤ V (t, x) ≤ β(‖x‖);
2◦.(∀(t, x) ∈ Rθ × S) : V̇ (t, x)|(5.1) ≤ −γ(‖x‖).
qé?¿�½�ν > 0, Bν ⊂ S,½Â8Ü

At,ν = {x|V (t, x) ≤ α(ν), x ∈ S} (5.2)

K
(a) (∀ε > 0)(∃T > 0)(∀x0 ∈ At0,ν)(∀t ≥ t0 + T ):

x(t; t0, x0) ∈
◦
Bε, =�:´é(t0, x0) ∈ Rθ ×At0,ν��áÚ�¶
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(b)
⋂

t0∈Rθ

At0,ν = Aν´�±x = 0�S:�«�§½x = 0ä�

�t0 ∈ Rθ Ã'�ú�áÚ�.

£=∃µ > 0�t0Ã'§Bµ ⊂ Aν ,∀x0 ∈
◦
Bµ, x(t; t0, x0) → 0¤.

(a)�(b)L²XÚ")��ìC½.

yyy²²²ggg´́́: ky(a)µ
(1) d1◦, 2◦��§é∀(t0, x0) ∈ Rθ ×At0,νk

α(‖x(t; t0, x0)‖) ≤ V (t, x(t; t0, x0)) ≤ V (t0, x0) ≤ α(ν).

l

(∀(t0, x0) ∈ Rθ ×At0,ν)(∀t ≥ t0) : x(t; t0, x0) ∈ Bν (5.3)

(2) d1◦�2◦��(5.1)�")��½§=

(∀ε > 0)(∃η > 0)(∀τ ∈ Rθ)(∀xτ ∈
◦
Bη)(∀t ≥ τ) : x(t; τ, xτ ) ∈

◦
Bε

(5.4)
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(3) -

Tν,ε =
β(ν)− α(η)

γ(η)
(5.5)

?�σ > Tν,ε. K

(∃τ ∈ [t0, t0 + σ]) : x(τ ; t0, x0) ∈
◦
Bη . (5.6)

�y§�ek

(∀τ ∈ [t0, t0 + σ]) : ‖x(τ ; t0, x0)‖ ≥ η (5.7)

Kd(5.3)�(5.6)��

β(ν)− α(η) ≥ V (t0, x0)− V (t0 + σ, x(t0 + σ; t0, x0))

=
∫ t0+σ

t0

−V̇ (τ, x(τ ; t0, x0))dτ ≥
∫ t0+σ

t0

γ(η)dτ

= σγ(η) > β(ν)− α(η)

gñ§l(5.6)¤á"
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(4) éX�(5.4)§K(a)¤á§Ù¥T = σ�(t0, x0) ∈ Rθ × SÃ'. £w
ã¤

(b) -µ > 0¦β(µ) = α(ν),K
(∀x ∈ Bµ) : V (t, x) ≤ β(µ) = α(ν).

u´
(∀t ∈ Rθ) : Bµ ⊂ At,ν .

l
Bµ ⊂

⋂
t∈Rθ

At,ν = Aν ,

=(b)¤á"
5551 V �½§V̇ K½ØUíÑìC½£Öþ�~¤"
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~~~5.1 ẋ = p(t)x, x ∈ R§Ù¥p(t)k.§=

(∃M > 0) (∀t ∈ R) :| p(t) |≤ M

�V = e−(2M+1)tx2§Kk

V̇ = −(2M + 1)e−(2M+1)tx2 + 2e−(2M+1)tx2p(t) ≤ −V

duV �−V̇ þ�½§u´?Û��k.�5XÚÑìC½�"
£�¸(Ø��ØµV �−V̇ þ�½¤
5552 Tν,ε~¡�dAν�Bε�P~�m½áÚ�m§§L²��

Ð�u)3AνS�$Ä§3²LTν,ε�m�ò[�3

3BεS"(5.5)�Ñ�P~�m´�¿©5��O.
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½½½nnn5.2 �0 ∈ S =
◦
S,KXÚ(5.1)�")��ìC½�S�áÚ

«§XJ�3����¼êV (t, x)��½¼êW1(x)ÚW2(x)§÷v

(i) (∀(t, x) ∈ Rθ × S) : W1(x) ≥ V (t, x) ≥ W2(x);
(ii) (∀(t, x) ∈ Rθ × S) : V̇ (t, x)|(5.1)K½¶
(iii) lim

x→∂S
W2(x) = +∞, ∂S´S�>.. £Ã¡�>.¤

yyy²²²ggg´́́µµµ ½n5.1⇒ ��ìC½.
e¡y²S´áÚ«.

(1) �Ä(t0, x0) ∈ Rθ × S§ÏW1(x0)k�§u´∃k > 0¦8

Ü{x|W1(x) ≤ k} = S1k ⊂ S§x0 ∈ S1k§�S1k´4�"
(2) é?�ε > 0§duXÚ´��½�§K�3ε1 > 0§��)��

?\¥Bε1§Ù��)[�33¥BεS.
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(3) -

η = min
x
{W2(x)|x ∈ M = {S1k\

◦
Bε1}}

K
(∀x|W1(x) ≤ η) : x ∈ Bε1

¯¢þ§∀x,W1(x) ≤ η ⇒ W2(x) ≤ η ⇒ x∈̄{S1k\
◦
Bε1}

2-

T =
k − η

γ
, γ = inf

t∈Rθ,x∈M
{−V̇ (t, x)|(5.1)},

K3[t0, t0 + T ]S��k�:t1 ¦x(t1, t0, x0) ∈
◦
Bε1£Ó½n5.1¤§

l

(∀t ≥ t0 + T ) : x(t; t0, x0) ∈
◦
Bε

ùÒy²
S(�x = 0���áÚ«.
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Rn´XÚ(5.1)�")�áÚ«���ì?½5

5553 d½n5.2�y²L§��§é?Û48K ⊂ S,�ε > 0, K
��u)3K¥�6ÄP~�BεSþ�3����mþ..

½½½nnn5.3 3½n5.1�^�e§eS = Rn�k

lim
µ→∞

α(µ) = +∞ (5.8)

KRn´XÚ(5.1)�")�áÚ«§�l?Û4«�KÑu�)P

~�Bε��m�3���þ.§§dXÚ!K�ε(½�Ð©�
�Ã'"
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~~~5.3 ïÄä{Z�ü{§Ù�§�

θ̈ + θ̇ + sin θ = 0 (5.9)

Ù¥θ´{�éR�¶� �. ^oUþ5�ELyapunov ¼ê§=

V1 =
1
2
θ̇2 + (1− cos θ)

§´�½���tÃ'§�

V̇1|(5.9) = −θ̇2

§´�K½��Ø´K½�§Ï^oUþ�Lyapunov¼ê§8c�U
��")½Ø´ìC½�(Ø.
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XJ�Ä

V2 = θ̇2 + (θ̇ + θ)2 + 4(1− cos θ)
KéAk

V̇2|(5.9) = −2(θ̇2 + θ sin θ)

´K½�§Ï")(θ, θ̇) = (0, 0)´��ìC½�.

5554 V1äk²w�Ôn¿Â§�Ø÷v½n5.1�^�¶V2÷v

½n5.1��¦§�%vk�o�*�Ôn¿Â"�2�½nò

�y²V1�´�±^5�äìC½5�
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Ü©C��ìC½5½n.

½½½nnn5.4 XÚ

ż = f(t, z), z =
[

x
y

]
, x ∈ S ⊂ Rn, y ∈ Rm (5.10)

'uÜ©C�x�"���ìC½§XJ�3ëY���¼ê
V (t, z) : Rθ × S×Rm → R§��3
α(µ), β(µ), γ(µ) ∈ K§é∀(t, z) ∈ Rθ × S×Rm§k

(i) α(‖x‖) ≤ V (t, z) ≤ β(‖x‖2 + ‖Cy‖2), CX�Ý
¶
(ii) V̇ |(5.10) ≤ −γ(‖x‖).
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1.6 ìC½5½n(II)

3�KLyapunov¼êV �ä½~.�^��§���/eòÃ{�

äXÚ�ìC½5"��XÚmà��þ|f(t, x)´�k.��

þ|�§(Ø´é�.

½½½nnn6.1 (L.,Salvdoni)XÚ

ẋ = f(t, x), f(t, 0) = 0 (6.1)

�")´ìC½�§=I�3ü����9Ï¼
êV �W : Rθ × S → R�n�Ka¼êα(·), β(·)�γ(·)9��~
êM > 0,¦�∀(t, x) ∈ Rθ × Sk
1◦.V (t, x) ≥ α(||x||),W (t, x) ≥ β(||x||), V (t, 0) = W (t, 0) = 0;
2◦.V̇ (t, x)|(6.1) ≤ −γ(W (t, x));
3◦.Ẇ (t, x)|(6.1) ≤ M½Ẇ (t, x)|(6.1) ≥ −M,
qeν > 0¦Bν ⊂ S,K

At0,ν = {x|x ∈ S, V (t0, x) ≤ α(ν)}
´t0��áÚ«.
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yyy²²²ggg´́́µµµ �Iy²

(∀x0 ∈ At0,ν) : lim
t→∞

W (t, x(t; t0, x0)) = 0 (6.2)

£W ≥ β(‖x‖ ¤
y�þã(ØØý§K

(∃x0 ∈ At0,ν) : lim
t→∞

W (t, x(t; t0, x0)) 6= 0

PW (t) = W (t, x(t; t0, x0))"K=eãü�/�±u)£wã¤µ

(a) lim
t→∞

W (t, x(t; t0, x0)) = α 6= 0§½ lim
t→∞

W (t, x(t; t0, x0)) = +∞. d

�§

(∃k > 0)(∃σ > 0)(∀t ≥ t0 + σ) : W (t, x(t; t0, x0)) ≥ k;
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(b) �Ä: (∃k > 0)(∃üS

�{ti}�{t′
i}¦ti < t

′
i < ti+1, i = 1, 2, · · · ) : W (ti) =

k

2
,W (t

′
i) = k

�
k

2
< W (τ) < k,∀τ ∈ (ti, t

′
i)

{Px(t) = x(t; t0, x0)§dx0 ∈ At0,ν§Kk

α(x(t)) ≤ V (t, x(t)) ≤ V (t0, x0) ≤ α(ν)

l
x(t) ∈ Bν ,∀t ≥ t0

y�(a)¤á§d�kV̇ |(6.1) ≤ −γ(k)§l
0 ≤ V (t, x(t)) ≤ V (t0 + σ, xσ)− γ(k)(t− t0 − σ),∀t ≥ t0 + σ

dªé¿©��t7Ø¤á§u´(a)�Ø�U"
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2�(b)¤á§Ø��
(∃M > 0)(∀(t, x) ∈ Rθ × S) : Ẇ (t, x)|(6.1) ≤ M

Kk
(t

′
i − ti)M ≥ k

2
½ (t

′
i − ti) ≥

k

2M

2|^^�2◦�3◦§K

V (t
′
n, x(t

′
n)) ≤ V (t0, x0) +

n∑
i=1

∫ t
′
i

ti

V̇ (s, x(s))|(6.1)ds

≤ V (t0, x0)− nγ(
k

2
)(

k

2M
)

-n¿©�§gñ§Ï(b)½Ø¤á"
(a), (b)þØ¤á§L²(6.2)�ý§l")´áÚ�"d½n3.1
")®½§Ï´ìC½�"qx0 ∈ At0,ν´?��§L

²At0,ν(�t0��áÚ«"
e�ÄẆ (t, x)|(6.1) ≥ −M��/§y²��"
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íííØØØ6.1 éXÚ(6.1),ek

(∃k > 0)(∀(t, x) ∈ Rθ × S) : ||f(t, x)|| ≤ k (6.3)

KÙ")ìC½=I�3����¼êV (t, x), V (t, 0) = 0�ü
�K ¼êα(·)�β(·),¦

(∀(t, x) ∈ Rθ × S) : V (t, x) ≥ α(||x||) � V̇ (t, x) ≤ −β(||x||)

�U±c½Â�At0,ν´áÚ«.

yyy²²² -W (t, x) =
√

xT x§|^½n6.1=�y²"
íííØØØ6.2 XÚ(6.1)�")´ìC½�§=I�3�����¼
êV (t, x) : Rθ × S → RkV (t, 0) = 0�ü�K¼êα(·)�γ(·)¦

(∀(t, x) ∈ Rθ × S) : V (t, x) ≥ α(||x||) � V̇ (t, x)|(6.1) ≤ −γ(V (t, x))

�Xþ½Â�At0,ν´áÚ«"
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eòíØ6.1í2�Ü©C�§K´uy²µ

íííØØØ6.3 (K. Peiffer, N. Rouche)b�f1(t, x1, x2) k.§KXÚ{
ẋ1 = f1(t, x1, x2), f1(t, 0, 0) = 0
ẋ2 = f2(t, x1, x2), f2(t, 0, 0) = 0

�Ü©C�x1 = 0´ìC½�§=I�3����¼
êV (t, x1, x2)�ü�Ka¼êα(·)�γ(·)¦

(∀(t, x) ∈ Rθ × S) : V (t, x1, x2) ≥ α(||x1||), V̇ |(6.4) ≤ −γ(||x1||)

��µy²íØ6.1!íØ6.2ÚíØ6.3"
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1.7 ±ÏXÚ���ìC½!Krasovski½n

ïÄ±T�±Ï�XÚ

ẋ = f(t, x), f(t, 0) ≡ 0 (7.1)

Ù¥f÷v
(∀(t, x) ∈ Rθ × S) : f(t, x) = f(t + T, x) (7.2)
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Krasovski½n

½½½nnn7.1 éXÚ(7.1)!(7.2),ek�����±T �±Ï�¼
êV (t, x) = V (t + T, x) : Rθ × S → RÚK a¼êϕ§
é∀(t, x) ∈ Rθ × S§k

1◦.V (t, x) ≥ ϕ(||x||), V (t, 0) ≡ 0;
2◦.V̇ (t, x)|(7.1) ≤ 0;
3◦. 3M \ (t, 0)¥Ø�3XÚ�?Û��;�§Ù

¥M = {(t, x)|V̇ (t, x)|(7.1) = 0} ⊂ Rθ × S.

Ké�½�¦Bα ⊂ S�α,½Â8Ü

At,α = {x|V (t, x) ≤ ϕ(α)} ⊂ S

K
(a)")ìC½¶
(b)t0�XÚ(7.1)�áÚ«At0 ⊃ At0,α.
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qe1◦U�

1′.(∃t0 ∈ Rθ)(∀δ > 0)(∃x0 ∈
◦
Bδ) : V (t0, x0) < 0�V (t, 0) = 0.

KXÚ�")´Ø½�.

yyy²²²ggg´́́µµµ
(1) V (t, x)´�����ét�±Ï�¼ê⇒ V (t, x) 3[t, t + T ]×Bαþ

��ëY, qV (t, 0) = 0. ⇒ V (t, x)äÃ¡�þ.⇒ ")®��

½.

(2) é∀x0 ∈ At0,α, 1◦, 2◦⇒ ‖x(t; t0, x0)‖ ≤ α.
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Krasovski½n�y²

(3) �x0 ∈ At0,α,±e=Iy²

lim
t→∞

x(t; t0, x0) = 0 (7.3)

")®��½⇒ ∀ε > 0,∃δ > 0, �‖x0‖ < δ �, é?¿t ≥ t0
k‖x(t; t0, x0)‖ < ε, Ï=Iy²(�3��¥m��)

(∀δ > 0)(∀x0 ∈ At0,α)(∃t1 ≥ t0) : ‖x(t1; t0, x0)‖ < δ (7.4)

y�(7.4)Ø¤á§=

(∃δ > 0)(∃x0 ∈ At0,α)(∀t ≥ t0) : x(t; t0, x0) ∈ Bα\
◦
Bδ (7.5)

��8Bα\
◦
Bδ´4�§u´3:�{xk = x(t0 + kT ; t0, x0)}¥7k

�Âñ�f�§��{xik}k

lim
k→∞

xik = lim
k→∞

x(t0 + ikT ; t0, x0) = x∗0 ∈ Bα\
◦
Bδ
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(4) V̇ ≤ 0, V ≥ 0,�V ±T�±Ï⇒
lim
t→∞

V (t, x(t; t0, x0)) = lim
k→∞

V (t0 + ikT, xik)

= lim
k→∞

V (t0, xik) = V (t0, x∗0)
(7.6)

ïÄÐ�x(t0) = x∗0e�)x(t; t0, x∗0)"duM \ (t, 0)¥Ø�3?Û
��;�§K∃t∗ > t0¦V̇ (t∗, x(t∗; t0, x0)) < 0§l

V (t∗, x(t∗; t0, x∗0)) 6= V (t0, x∗0) (7.7)

df(t, x) = f(t + T, x)⇒ x(t + ikT ; t0 + ikT, xik)´)§d��5⇒
x(t + ikT ; t0 + ikT, xik) = x(t; t0, xik)§K£wã¤

x(t∗; t0, xik) = x(t∗ + ikT ; t0 + ikT, xik) = x(t∗ + ikT ; t0, x0) (7.8)

d(7.6) and (7.8)⇒
V (t0, x∗0) = lim

k→∞
V (t∗ + ikT, x(t∗ + ikT ; t0, x0))

= lim
k→∞

V (t∗, x(t∗; t0, xik)) = V (t∗, x(t∗; t0, x∗0))
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Krasovski½n�y²

l�(7.7)gñ"gñL²(7.4)¤á§=")´ìC½�§qd
uXÚ´±Ï�§d½n1.2,")ò´��ìC½�"
e¡y²1�Ü©, )´Ø½£��¤. ^�y{.
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íííØØØ7.1 e½n7.1¥3^�1◦þO\

lim
µ→∞

ϕ(µ) = +∞

KAt0 = Rn.

555 XJXÚ´�ØC�§V �V̇ ½��ØC.ÏdM�½Â�
�M = {x|V̇ = 0}.þã½n¥�M \ (t, 0)ò^M \ {0}�O.
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~~~7.2 ïÄÉ{Z��5�5XÚ

ẍ + Cẋ + Kx = 0

Ù¥C = CT ,K = KT þ�¢�½Ý
"y�V ¼ê�

V = xT Kx + ẋT ẋ

KV ´x, ẋ��½¼ê�V̇ = −2ẋT Cẋ ≤ 0§¿�

M = {(x, ẋ)|ẋ = 0}

y=Iy²3M \ {0}þÃ?Û��;�=�"y�(t, x(t), ẋ(t)) u
)3M \ {0}þ§u´

ẍ(t) = 0

�\�§��

Kx = 0 ⇒ x = 0

u´dKrasovski½n��")x = 0, ẋ = 0´��ìC½�.
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