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­½5�â

�ÄXÚ {
·
x= f(t, x)
f(t, 0) ≡ 0, ∀t ∈ Rθ

(3.1)

½½½nnn3.1 XJ�3Lyapunov¼êV §¦�

(i) V (t, x) ∈ C1(Rθ × S).

(ii) ∃ρ > 0,Bρ ⊂ S§V (t, x)3Rθ ×Bρþ�½�
·

V (t, x)|(3.1) ≤ 0.

K(3.1)�")­½"
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­½5�â

yyy²²²ggg´́́µµµ
 yé∀ε > 0,∀t0,∃δ(ε, t0),∀‖x0‖ < δ,∀t ≥ t0k‖x(t; t0, x0)‖ < ε.

(1) V (t, x)�½⇒ ∃α(µ) ∈ K§V (t, x) ≥ α(‖x‖).

(2) é∀t0, V (t0, x)3x = 0:ëY⇒ ∀ε > 0,∃δ(ε, t0) > 0,∀x0 ∈
◦
Bδ§

kV (t0, x0) < α(ε).

(3)
·

V (t, x)|(3.1) ≤ 0 ⇒
é∀t ≥ t0, V (t, x(t; t0, x0)) ≤ V (t0, x0)"

(1), (2), (3)⇒ α(‖x(t; t0, x0)‖) ≤ V (t, x(t; t0, x0)) < α(ε)
l
(∀t ≥ t0) : ‖x(t; t0, x0)‖ < ε. ")­½" �

α(‖x(t)‖) ≤ V (t, x(t)) ≤ V (t0, x0) < α(ε)
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��­½5�â

½½½nnn3.2 XJ�3Lyapunov¼êV §¦�
(i) V (t, x) ∈ C1(Rθ × S).
(ii) ∃ρ > 0,Bρ ⊂ S§V (t, x)3Rθ ×Bρþ�½�äÃ¡�þ."
(iii) 3Rθ ×Bρþ

·
V (t, x)|(3.1) ≤ 0.

K(3.1)�")��­½"

yyy²²²ggg´́́µµµ �Iy²é∀ε > 0,∃δ(ε),
é∀t0,∀‖x0‖ < δ,∀t ≥ t0k‖x(t; t0, x0)‖ < ε.

α(‖x(t)‖) ≤ V (t, x(t)) ≤ V (t0, x0) < α(ε)
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~~~3.1 fN7�½:=Ä�­½5.
α

·
ω1= (β − γ)ω2ω3

β
·
ω2= (γ − α)ω3ω1

γ
·
ω3= (α− β)ω1ω2

(3.2)

ïÄÙ7��½¶���½~=Ä

ω1 = ω10, ω2 = ω3 = 0 (3.3)

�­½5. -ξ = ω1 − ω10, η = ω2, ζ = ω3 K

·
ξ=

(β − γ)
α

ηζ

·
η=

(γ − α)
β

(ω10 + ξ)ζ
·
ζ=

(α− β)
γ

(ω10 + ξ)η

(3.4)

XÚ(3.4)�")ξ = η = ζ = 0 ��uXÚ(3.2)�A½$Ä(3.3).
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�Lyapunov¼ê�
V = β(β − α)η2 + γ(γ − α)ζ2 + [βη2 + γζ2 + α(ξ2 + 2ω10ξ)]2

K
·

V |(3.4) = 0§
�α < min{β, γ} �§V 7�½§l
éA7��
=Ä.þ�.5Ì¶�=Ä´­½�.

XJα > min{β, γ}§K��

V = β(α− β)η2 + γ(α− γ)ζ2 + [βη2 + γζ2 + α(ξ2 + 2ω10ξ)]2

Ó��±y²7ä��=Ä.þ�.5Ì¶�=Ä�´­½�.

duþãV ´�½�§
·

V = 0. 3n��m

¥V (ξ(t), η(t), ζ(t)) = C�L�µ4­¡§�C 6= 0�§éA�
)ξ(t), η(t), ζ(t)Øªu"§")Ø´ìC­½�"
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ÑÑ­½5

ïÄXÚ {
·
x= f(t, x), (t, x) ∈ Rθ × S
y = g(x) : S → S

′ ⊂ Rm
(3.5)

Ù¥y´XÚ�ÑÑ.¯K´�ïÄÑÑ´ÄU�±,�A½�
�y0§=y = g(x) = y0´Ä´­½�. Ø���5§�
�y0 = 0 ∈ Rm§Ú\8Ü

F = {x | g(x) = 0} = g−1(0) ⊂ Rn (3.6)

b�F´XÚ���ØC8Ü£Ð�3d6/þ§)­��3d6

/þ¤§=

(∀t0 ∈ Rθ)(∀x0 ∈ F)(∀t ≥ t0) : x(t; t0, x0) ∈ F.

½Â8Ü
F(η) = {x | g(x) ∈ Bη ⊂ Rm} ∈ Rn

b½�3ρ > 0 9XÚ3Rθ × F(ρ)ä)é�½Ð���3��5^
�.
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ÑÑ­½5½Â9�â

½½½ÂÂÂ3.1 XÚ(3.5)�ÑÑy = g(x)�"´­½�§X�

(∀ε > 0)(∀t0 ∈ Rθ)(∃δ(ε, t0) > 0)(∀x0, ‖g(x0)‖ < δ)(∀t ≥ t0) :

‖g(x(t; t0, x0))‖ < ε.


ÑÑ�"´��­½�§X�

(∀ε > 0)(∃δ > 0)(∀t0 ∈ Rθ), (∀x0, ‖g(x0)‖ < δ)(∀t ≥ t0) :

‖g(x(t; t0, x0))‖ < ε.

½½½nnn3.3 éXÚ(3.5), XJ

(∃ρ > 0)(∃α ∈ K)(∃V : Rθ × F(ρ) → R)(∀(t, x) ∈ Rθ × F(ρ)) :

V (t, x) ≥ α(‖g(x)‖)�V̇ |(3.5) ≤ 0 (3.7)

KéA"ÑÑ´­½�"
e�k

(∃β ∈ K)(∀(t, x) ∈ Rθ × F(ρ)) : V (t, x) ≤ β(‖g(x)‖) (3.8)

K"ÑÑ´��­½�§
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Ü©C��­½5

�

x =
(

x1

x2

)
, x1 ∈ Rm, x2 ∈ Rn−m,

f(t, x) =
(

f1(t, x)
f2(t, x)

)
=

(
f1(t, x1, x2)
f2(t, x1, x2)

)

ÑÑy = g(x) = x1 �§þã¼ê�"�­½5¯KÒC��«

Ü©C�­½5¯K"
�ÄÄ�XÚ�§{ ·

x1= f1(t, x1, x2), f1(t, 0, 0) = 0
·
x2= f2(t, x1, x2), f2(t, 0, 0) = 0

(3.9)

() February 18, 2019 10 / 18



Ü©C�­½5½Â

½½½ÂÂÂ3.2 XÚ(3.9)�")x = 0´'uÜ©C�x1�­½§X�

(∀ε > 0)(∀t0 ∈ Rθ)(∃δ > 0)(∀x10 ∈
◦
Bδ)(∀t ≥ t0) :

‖x1(t; t0, x10, x20)‖ < ε.

XÚ(3.9)�")x = 0'uÜ©C�x1���­½§X�

(∀ε > 0)(∃δ > 0)(∀(t0, x10) ∈ Rθ×
◦
Bδ)(∀t ≥ t0) :

‖x1(t; t0, x10, x20)‖ < ε.

±þ½Â¥x0 = (xT
10, x

T
20)

T .
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Ü©C�­½5�â

½½½nnn3.4 XÚ(3.9)´'uÜ©C�x1´­½�§XJ�

3V = V (t, x1, x2) : Rθ × S×Rn−m → R´���§�V (t, 0, 0) = 0§
¿�k

(∃α(·) ∈ K)(∀(t, x1, x2) ∈ Rθ × S×Rn−m) : V (t, x1, x2) ≥ α(‖x1‖)

¿�
·

V |(3.9) ≤ 0.
e�k

(∃β(·) ∈ K)(∀(t, x1, x2) ∈ Rθ × S×Rn−m) : V (t, x1, x2) ≤ β(‖x1‖)

K­½Ò´���.
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§ 1.4 Ø­½5

ïïïÄÄÄØØØ­­­½½½555���777���555µµµ
�äXÚ")­½5�Lyapunov�{�´¿©5��{§XJV ¼
ê�À�Ø÷v­½5½n��¦§·��,éXÚ´Ä­½ØU
e(Ø§ÏdéØ­½5�±¿©5�½´7��.

ó§¢S¥§��Ø­½�é�´�þ�3�§~X�3�Ð©6

Äe�)��­½�g-�Ä£¨L¤§²ï �7L´Ø­½
�.

XÚ�")´Ø­½�§¢SþÒ´L²�3��.����Ð©
�m§ØØéÐ©6Ä���´õo�§3ù����SÑUé�
Ü·�Ð©�§XÚéA§�A)ok���ÿ�Ñþã.�£x
ã¤. (ε-δ�ó¤.

^Lyapunov¼ê�{5ïáØ­½�¿©^�§ÙÄ�g�Ò3u
¦V̇ U÷)�±½Ò
V %q�3�:NC���V̇ ÓÎÒ��.
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Ø­½5�â

½½½nnn4.1 XÚ

ẋ = f(t, x), f(t, 0) ≡ 0 (4.1)

�")´Ø­½�§XJ

(∃ε > 0 | Bε ⊂ S)(∃P =
◦
P⊂ Bε, 0 ∈ ∂P)(∃V (t, x)

: Rθ ×Bε → R, V ����)(∃α(µ) ∈ K)

÷v
1◦.(∃k > 0)(∀(t, x) ∈ Rθ ×P) : k > V (t, x) > 0;

2◦.(∀(t, x) ∈ Rθ ×P) :
·

V (t, x)|(4.1) ≥ α(V (t, x));

3◦.(∀(t, x) ∈ Rθ × (∂P∩
◦
Bε)) : V (t, x) = 0.
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½n4.1�y²

yyy²²²µµµ£wã¤
d0 ∈ ∂P �1◦§K

(∀δ > 0)(∃(t0, x0) ∈ Rθ × (P ∩Bδ)) : V (t0, x0) > 0.

�y{µb�k
(∀t ≥ t0) : x(t; t0, x0) ∈

◦
Bε (4.2)

K(∀t ≥ t0) : x(t; t0, x0) ∈ P"£dx0 ∈ P, 2◦, 3◦, (4.2)Ú)´ëY
�§�V̇ (t0, x(t0; t0, x0)) ≥ α(V (t0, x0)) > 0. u´§ut > t0��

�SkV (t, x(t; t0, x0)) > 0, l
)x(t; t0, x0)ØU�ÑP§ÄK²
LP�>.V (t, x) = 0.¤
|^1◦Ú2◦, é��t ≥ t0k

k ≥ V (t, x(t; t0, x0)) = V (t0, x0) +
∫ t
t0

V̇ (τ, x(τ ; t0, x0))dτ

≥ V (t0, x0) + α(V (t0, x0))(t− t0) → +∞(t → +∞)
(4.3)

gñ. l
XÚ�")´Ø­½�. �
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½n4.1�ü�íØ

íííØØØ4.1 ^�Ó½n4.1§�1◦U�

(∃β(µ) ∈ K)(∀(t, x) ∈ Rθ ×P) : β(‖x‖) ≥ V (t.x) > 0 (4.4)

K")Ø­½. �

íííØØØ4.2 ^��½n4.1�Ó§�1◦U�(4.4), 2◦U�

(∃γ > 0)(∃W (t, x)��½)(∀(t, x) ∈ Rθ ×P) :

·
V (t, x)|(4.1) = γV (t, x) + W (t, x) (4.5)

K")Ø­½. �

555 þãüíØ~¡�LyapunovØ­½�1��1�½n.|^½
n4.1�y²§�I���UÄÒ�±y²ùü�íØ.
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½~XÚØ­½5

éu½~XÚ
ẋ = f(x), f(0) = 0 (4.6)

�^ü�9Ï¼ê�p�Ü5?ØØ­½5.

íííØØØ4.3 XÚ(4.6)�")´Ø­½�§XJeã^�¤áµ
1◦.(∃ε > 0 | Bε ⊂ S)(∃P =

◦
P⊂ Bε | 0 ∈ ∂P)(∃V (x) : Bε →

R�V (x) ∈ C1(Bε))

(∃β(·) ∈ K)(∀x ∈ P) : V (x) > 0�
·

V |(4.6) ≥ β(V (x));

2◦.(∃N =
◦
N⊂ Bε | ∂P ⊂ N)(∃W (x) : N → R�W (x) ∈

C1(Bε))(∀x ∈ ∂P ∩Bε) : W (x) = 0�

(∀x ∈ P ∩N ∩Bε) : W (x) > 0�
·

W |(4.6) ≥ 0
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555 Ø­½5½n���3u�Ñ��^�§±B(½3?Û�:
���S�« l�:�)o´�3�.±þ½n4.19Ùn�íØ

¥�P8ÜÒ´�yù��/7,u)�«�.,��¡§P��ê
�±$un.

~~~4.2  ·
ξ1
·
ξ2

 =
(
−1 0
0 1

) (
ξ1

ξ2

)

��P = {ke2 | k ≥ 0}§Ù¥e2 =
(

0
1

)
§�V = ξ2

1 + ξ2
2§

KV̇ = −2ξ2
1 + 2ξ2

2"duPþξ1 = 0 §u´3P þ
·

V = 2V §¿

�0 ∈ ∂rP§l
÷v½n4.1§")´Ø­½�§�P�´���.

öSµy²½n3.3.
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