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½½½ÂÂÂ XÚ(1.7)�")x = 0´ÛÜU�êìC­½�§X�

(∃δ > 0) (∃M > 0) (∃α > 0(∀t0 ∈ Rθ)(∀x0 ∈
◦
Bδ)(∀t ≥ t0) :

‖x(t; t0, x0)‖ ≤M‖x0‖e−α(t−t0)

�δ = +∞�§K¡éA�")´�Û�êìC­½�.

½½½nnn11.1 éuXÚ

ẋ = f(t, x), f(t, 0) ≡ 0 (11.1)

ÛÜ�êìC­½=⇒��ìC­½

�Û�êìC­½=⇒�Û��ìC­½
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½½½ÂÂÂ11.1 α(·), β(·) ∈ K¡�ÛÜÓ?O³§X�

(∃µ1 > 0)(∃k1 > k2 > 0)(∀µ ∈ [0, µ1]) :

k1α(µ) ≥ β(µ) ≥ k2α(µ)

��ÛÓ?O³§X�

(∃k1 > k2 > 0)(∀µ ∈ R+) : k1α(µ) ≥ β(µ) ≥ k2α(µ)

½½½nnn11.2 XJ
(i) (∃η > 0,Bη ⊂ S)(∃C1¼êV (t, x) : Rθ ×Bη →

R)(∃α(µ), β(µ), γ(µ) ∈ K,�äÓ?O³)(∀(t, x) ∈ Rθ ×Bη) :
α(‖x‖) ≤ V (t, x) ≤ β(‖x‖)�V̇ (t, x)|(11.1) ≤ −γ(‖x‖);

(ii) (∃σ > 0) : α(µ)�µσÓ?O³.
KXÚ(11.1)�")´ÛÜ�êìC­½�"
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yyy²²²ggg´́́µµµ

(1) dβ(µ)�γ(µ)Ó?O³§K�3k1 > 0Úν1 > 0¦Bν1 ⊂ Bη, �

éµ ≤ ν1 kγ(µ) ≥ k1β(µ)
(2) duα(µ), β(µ)�µσÓ?O³§u´

(∃l1, l2 > 0)(∃µ1 > 0)(∀µ ∈ [0, µ1]) :

(l1µ)σ ≤ α(µ), β(µ) ≤ (l2µ)σ

(3) -ν = min{ν1, µ1}.
At0.νé��t0 ∈ Rθäk�"�ú�Ü©

Aν =
⋂

t0∈Rθ

At0.ν

§±�:�S:§Ï
∃δ > 0¦Bδ ⊂ Aν .
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(4) dAν�½Â�

(∀(t0, x0) ∈ Rθ ×Bδ)(∀t ≥ t0) : x0 ∈ At0,ν

Ù¥At0,ν = {x|V (t0, x) ≤ α(ν)}.l


x(t; t0, x0) ∈ Bν ⊂ Bη.

u´

V̇ (t, x)|(11.1) ≤ −γ(‖x‖) ≤ −k1β(‖x‖) ≤ −k1V (t, x).

Ïd

V (t, x(t; t0, x0)) ≤ V (t0, x0)e−k1(t−t0),

?

(∀(t0, x0) ∈ Rθ ×Bδ)(∀t ≥ t0) :

α(‖x(t; t0, x0)‖) ≤ β(‖x0‖)e−k1(t−t0)

() March 5, 2019 6 / 23



�ê­½5

(5) (Ü(3)�í�

‖x(t; t0, x0)‖ ≤
l2
l1
‖x0‖exp

{
−k1

σ
(t− t0)

}
e-M = l2/l1, α = k1/σ. K")ÛÜ�êìC­½" �
½½½nnn11.3 XÚ(11.1)�")´�Û�êìC­½§XJ

(i) (∃C1¼êV (t, x) : Rθ ×Rn → R)(∃α(µ), β(µ) ∈
K∞,∃γ(µ), α, β, γ��ÛÓ?O³¤(∀(t, x) ∈ Rθ ×Rn) :

β(‖x‖) ≥ V (t, x) ≥ α(‖x‖), V̇ (t, x)|(11.1) ≤ −γ(‖x‖).

(ii) (∃σ > 0) : α(µ)�µσÓ?O³"
555µµµ3�
©z¥@�½n11.2�(i)´�êìC­½�¿©^�§
ù´Øé�.
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~~~11.1
ξ̇ = −ξ3 (11.2)

Ù)�

ξ(t) = ξ0

√
1/[1 + 2ξ20(t− t0)],

")��ìC­½§�Ø´�êìC­½�§Ù¥ξ0 = ξ(t0)"
,��¡§e-

V = e−1/ξ2
, V (0) = 0

Kk
V̇ |(11.2) = −2V

�-

α(µ) = β(µ) = e−1/µ2
, γ(µ) = 2e−1/µ2

§�Ñ´Ó?O³�§�XÚ")%Ø´�êìC­½�"
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|^½n11.2�keãíØµ

íííØØØ11.1 XÚ(11.1)�")´ÛÜ�êìC­½�§XJ

(∃η > 0,Bη ⊂ S)(∃C1¼êV (t, x) : Rθ ×Bη → R)(∃α

> 0, β > 0, γ > 0)(∀(t, x) ∈ Rθ ×Bη)

k
(i) βxTx ≥ V (t, x) ≥ αxTx;
(ii) V̇ (t, x) ≤ −γxTx.

eþãBη = S = Rn,KéA")��Û�êìC­½.
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�ÄXÚ
ẋ = f(t, x) (11.3)

duïÄ�´�l²ï:XÚ�5U§���±Ø�¦f(t, 0) ≡ 0.
½½½ÂÂÂ11.2

XÚ(11.3)�)x(t; t0, x0)¡�´k.�§X�

(∃β(t0, x0) > 0)(∀t ≥ t0) : x(t; t0, x0) ∈ Bβ (11.4)

XÚ(11.3)�)���k.£Ð�k.)k.§Ù.Ø�6
ut0.¤§X�

(∀α > 0)(∃β(α) > 0)(∀t0 ∈ Rθ)(∀x0 ∈ Bα)(∀t

≥ t0) : x(t; t0, x0) ∈ Bβ (11.5)

XÚ(11.3)�)���ª(k.

(∃M > 0)(∀α > 0)(∃T > 0)(∀(t0, x0) ∈ Rθ

×Bα)(∀t ≥ t0 + T ) : x(t; t0, x0) ∈ BM
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½½½nnn11.4 XÚ(11.3)�)´��k.�§XJ

(∃R > 0)(∃V (t, x) : Rθ ×OR → R´C1¼ê,OR = {x|‖x‖

> R})(∃ϕ(µ), ψ(µ) ∈ K∞)(∀(t, x) ∈ Rθ ×OR)

¦k
1◦. ϕ(‖x‖) ≤ V (t, x) ≤ ψ(‖x‖);
2◦. V̇ (t, x)|(11.3) ≤ 0.
e�k

(∃γ(µ) ∈ K)(∀(t, x) ∈ Rθ ×OR) : V̇ (t, x)|(11.3) ≤ −γ(‖x‖)

KXÚ(11.3)�")´���ªk.�.
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yyy²²²ggg´́́µµµ ky²��k.5"
é?�α > 0§�kü«�/µα > R Úα ≤ R"

(1) eα > R, KBR ⊂ Bα"
�Ä�/µ∀(t0, x0) ∈ Rθ ×BR§d�k

(a) ∀t ≥ t0, x(t; t0, x0) ∈ BR. ½ö
(b) ∃t1 > t0¦�

‖x(t1; t0, x0)‖ = R, �(t ∈ [t0, t1]) : ‖x(t; t0, x0)‖ ≤ R¶
�(t > t1)áut1����k: ‖x(t; t0, x0)‖ > R

1◦�2◦⇒: �t > t1�§

ϕ(‖x(t; t0, x0)‖) ≤ V (t, x(t; t0, x0)) ≤ V (t1, x(t1; t0, x0))
≤ ψ(R) ≤ ψ(α)

-β = max{R,ϕ−1[ψ(α)]},
K‖x(t; t0, x0)‖ ≤ ϕ−1[ψ(R)] < ϕ−1[ψ(α)] ≤ β.

() March 5, 2019 12 / 23



��k.5Ú�ªk.

�Ä�/µ∀t0 ∈ Rθ, x0 ∈ Bα�‖x0‖ > R"
1◦�2◦⇒: �t > t0�§

ϕ(‖x(t; t0, x0)‖) ≤ V (t, x(t; t0, x0)) ≤ V (t0, x0) ≤ ψ(α)

K‖x(t; t0, x0)‖ ≤ β"

£��)3,����Ñ¥BR§lù���m©����S)Ø

¬�ÑBβ .)

(2) eα ≤ R£xã¤"Ó�©(a) Ú(b)ü«�/§y²Ó(1)"
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e¡y²1��(Ø.

(1) -M = max{R,ϕ−1[ψ(R)]}. é?�α ≤ R§aqu1��(Ø�
y²§Kk

(∀(t0, x0) ∈ Rθ ×Bα)(∀t ≥ t0) : x(t; t0, x0) ∈ BM .

(2) éþãM§é?�α > R§�

T =
ψ(α)− ϕ(R)

γ(R)

K

(∀(t0, x0) ∈ Rθ×Bα)(∃t1 ∈ [t0, t0 +T ]) : x(t1; t0, x0) ∈ BR. (11.6)

£�y¤
2|^£1¤Òk

(∀(t0, x0) ∈ Rθ ×Bα)(∀t ≥ t0 + T ) : x(t; t0, x0) ∈ BM .
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(3) e¡y²(11.6).
¯¢þ§eé∀t ∈ [t0, t0 + T ]§k‖x(t; t0, x0)‖ > R§d

V̇ (t, x(t; t0, x0)) ≤ −γ(‖x(t; t0, x0)‖) ≤ −γ(R)

⇒

V (t0 + T, x(t0 + T ; t0, x0))− V (t0, x0) ≤ −γ(R)T = ϕ(R)− ψ(α)

d^�£1¤�V (t0, x0)− ψ(α) ≤ 0⇒

V (t0 + T, x(t0 + T ; t0, x0)) ≤ ϕ(R)

⇒‖x(t+ T ; t0, x0)‖ ≤ R, gñ"
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5551µµµ3ïÄù«k.5�§Lyapunov¼ê3½n¥¢Sþ´å�
��)��O�^"
5552µµµ ïÄ­½5´lÐ©6ÄÑu�Ä§�lXÚ���3Ø(

½5�Ä��XÚ­½5¯K�§Ò8(��«o­½5.
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�ÄØÉ6Ä�XÚ§Ù�§�

ẋ = f(t, x), f(t, 0) = 0 (11.7)

XÚ�Z6�µg : Rθ × S → Rn,u´¢S�XÚ�§�

ż = f(t, z) + g(t, z) (11.8)

��f(t, z)�g(t, z)��ä¦XÚ(11.8)÷v�3��5b�§�
ég(t, z)Ø7�¦g(t, 0) = 0.

½½½ÂÂÂ11.3 XÚ(11.7)�")´o­½�§X�

(∀ε > 0)(∃δ1 > 0, δ2 > 0)(∀t0 ∈ Rθ)(∀z0
∈ Bδ1)(∀g(t, z)|(∀(t, z) ∈ Rθ ×Bε : ‖g(t, z)‖
≤ δ2)(∀t ≥ t0) : z(t; t0, z0) ∈ Bε

Ù¥z(t; t0, z0)´(11.8)3Ð�z(t0) = z0e�).
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½½½nnn11.6 XÚ(11.7)�")o­½§XJ

(∃C1¼êV : Rθ × S → R)(∃α(·), β(·), γ(·) ∈ K)(∃M ∈ R)

¦�(∀(t, x) ∈ Rθ × S)§k

(i) α(‖x‖) ≤ V (t, x) ≤ β(‖x‖);
(ii) V̇ (t, x)|(11.7) ≤ −γ(‖x‖);

(iii)

∣∣∣∣∂V (t, x)
∂x

∣∣∣∣ ≤M.
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yyy²²²ggg´́́µµµ

(i) ?�ε > 0,�δ1 > 0Úδ2 > 0÷

vδ1 < ε, β(δ1) < α(ε)§δ2 <
kγ(δ1)
M

, 0 < k < 1"
(ii) (∀(t0, z0) ∈ Rθ ×Bδ1), (∀(t, z) ∈ Rθ ×Bε : ‖g(t, z)‖ ≤ δ2), é

δ1 ≤ ‖z(t)‖ ≤ ε§k

V̇ (t, z)|(11.8) = V̇ (t, x)|(11.7),x=z +
∂V

∂z
· g(t, z)

V̇ (t, z)|(11.8) ≤ −γ(‖z‖) +
∂V (t, z)
∂z

· g(t, z)

≤ −γ(δ1) +
Mkγ(δ1)

M
< 0
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(iii) d||z0|| < δ1§eé?¿t > t0k||z(t; t0, z0)|| < δ1§K(Ø¤á"
ÄK�3t1 > t0¦�||z(t1; t0, z0)|| = δ1"eé?¿t > t1§
k||z(t; t0, z0)|| < ε§K(Ø¤á"
ÄK�3t3 > t1 ¦�||z(t3; t0, z0)|| = ε"�t2´lt3�C���¦
�||z(t2; t0, z0)|| = δ1���§K

δ1 ≤ ||z(t; t0, z0)|| ≤ ε, t2 ≤ t ≤ t3.

u´|^£ii¤k

β(δ1) ≥ V (t2, z(t2; t0, z0)) ≥ V (t3, z(t3; t0, z0)) ≥ α(ε).

gñ" �
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½½½nnn11.7 eXÚ(11.7)¥f3Rθ × Sþ�C1a¼ê� �êk
.§qx = 0´(11.7)�����ìC­½�")§Kx = 0�o­½²

ï �"
yyy²²² ½n9.1�íÑ�3V (t, x) : Rθ × S → Rnä½n11.6�^

�(i) �(ii)§
V��qäëYk.� �ê£�½n9.1�y²L
§¤§Ï
½n11.6�^�(iii)�¤á§l
XÚ")´o­½�. �
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LasallerØC8�n

g£XÚµ
ẋ = f(x), f(0) = 0 (11.9)

Ù¥f : D → Rn: ÷vÛÜLipschitz^�§D ⊂ Rn.

A�Vgµ
£1¤��)x(t)��4�:
£2¤�4�8

£3¤(11.9)�ØC8§�ØC8

£4¤x(t) →M§� t→∞§Ù¥M´�8Üµ∀ε > 0,∃T > 0§
é∀t > T§kρ(x(t),M) < ε.

51µìC­½�²ï:´l²ï:NCÑu�)��4�8¶
52µ­½�4��´lù�4��NCÑu�)��4�8¶
53µ²ï:Ú4��´ØC8¶
54µ8ÜµΩc = {x ∈ Rn|V (x) ≤ c}, V̇ (x) ≤ 0, x ∈ Ωc´���Ø

C8"

() March 5, 2019 22 / 23



LasallerØC8�n

LasallerØØØCCC888½½½nnn:
b�

(i) Ω ⊂ D´�;8§�'u(11.9)´�ØC8;
(ii) V : D → R´ëY���¼ê§�x ∈ Ω�§V̇ (x) ≤ 0;
(iii) E = {x ∈ Ω : V̇ (x) = 0};
(iv) M´E¥���ØC8

KlΩ¥Ñu�z��)�t→∞�Ñªu8ÜM .

55µ�Ñ
áÚ���O§Ωµ?¿;��ØC8§Ø7�

´Ωc¶
56µ½n�^uäk²ï:8��/§Ø�´���á�²ï

:¶
57µ¼êV (x)ØI��½¶
58µ£g£XÚ")ìC­½!�ÛìC­½¤ü�íØ¶
59µ~f�/Nonlinear Systems, Third Edition, Hassan K. Khalil0
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